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Abstract: In this paper we present a numerical method solving kinetic equations for semi-conductors. The method is 
based on a finite-point approximation of the initial distribution and a rediscretization of the gain term in the collision 
integral. This is made using sequences of uniform distribution. Also the convergence of the method is shown with this 
number-theoretical approach. 
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1. Motivation of the equation 
The development of semi-conductors is based on a drift-diffusion model [2], which was 
obviously very powerful. But such a model has a certain range of admissibility. Since the 
technology has improved, it becomes more inaccurate. To overcome this, one goes back to the 
derivation of the model. The source is an equation of Boltzmann-type 
(3, + u 3, + k 4&( t, x, k) = Qcon, 0) 
where f( t, x, k) is the single particle density function in the position- and wave vector-space at 
time t. This is a one-electron approximation and closely connected with this is the bandstructure, 
which describes the energy a(k) of state k as a function of k. The equations of motion under the 
influence of the applied field K and the self-consistent Lorentz force are 
i = u(k), I;-=@+vxB+K), 
where the group velocity of the carrier is given by 
u(k) = f QZ’(k). 
The collision term Qcoll describes the rate of change of f due to scattering with thermal bath via 
phonons and imperfections. If we neglect carrier-carrier scattering the collision term becomes 
linear: 
/ J’(k, k’)f(t, x, k’) dk’ - C(k)f(t, x, k), B 
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where P, C are nonnegative, smooth and 
J P(k, k’) dk= C(k’). B 
The integration is carried out over the first Brillouin-zone S?. E and B are the self-consistent 
electro-magnetic field described by Maxwell’s equations. 
We are searching for a solution in (0, T) x D X .%“, where 
f(O, x, k) =fo(x, k) and f(t, x, k) IXE as2 =g(& x, k) 
are given [8]. 
Now, it seems hopeless to solve this problem analytically. If we apply usual discretization 
methods as finite differences or Fourier expansions the dimensionality of the problem allows a 
very poor discretization only. Therefore, we have to look for other methods. 
2. Motivation of the method 
The left-hand side of (1) has the same structure as the Vlasov equation in plasma physics 
(a,+, a,+;(E+uxB) a,)g(t, x, u)=O, 
where g describes the phase space density of electrons. E and B are again the self-consistent 
electro-magnetic field described by Maxwell’s equation. For this Vlasov-Maxwell system the 
finite-point approximation is well established. There are codes for the full 3D-problem since 
1982 [l], and we have also a mathematical justification of the method [6,7]. Hence it is reasonable 
to extend this technique to this problem. 
A finite-point approximation of the Vlasov-Maxwell system can be described in terms of 
discrete measures, and the Vlasov dynamics preserves a discrete measure 
f( n At, x, u) dx du = p”N := $ 56(x-x:)s(u-u:) 
i=l 
and 
ui “+‘=u;+At;(E+u;xB), x;+‘=x;+Atu;+‘. (2) 
To transfer this to the semi-conductor case, (2) defines an intermediate measure p”,“, replace u 
by k and add the external field K to the Lorentz force. Then we calculate 
,‘&+I := fi”,” + At 
i/ 
P(k, k’)jl”,+‘(dk’) - C(k&+l . 
1 
(3) 
Unfortunately, this is a mixture of a discrete and an absolutely continuous measure. And the 
absolutely continuous part is unavoidable from the structure of the gain term 
J 
P(k, k’)f(t, x, k’) dk’. 
If we substitute p”,” by NPICjo,(x - xy+‘)ti2(k - k~“)jI?~’ (dk, dx) in (3), where wi, i = 1, 
2, are mollifiers, the result is an absolutely continuous measure. In principle, this can be 
approximated by a discrete one, but until now no fast algorithm is available. 
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For another approach we remark that for the solution of Maxwell’s equation the charge 
density must be computed. This is done by introducing a grid in the space region L! and by 
distributing the point charges among the grid points. For this purpose several sophisticated 
techniques are developed. Since a collision is a local process we try to adapt these techniques also 
for the computation of the collision integral. However, Moock [3] has shown that only the 
nearest grid point approximation (NGP) leads to a convergent approximation. This means, all 
particles in one cell count in this cell only. 
For that reason and since (2) is well understood we can concentrate ourself on the approxima- 
tion of the collision integral for a fixed space coordinate. This means, we study the simple 
equation 
a,f= /P(k, k’)f(t, k’) dk’ - C(k)f(t, k) (4 
and for a first attempt we reduce the dimension to n = 1. For simplicity we normalize the range 
of integration to [0, 11. 
3. Convergence result 
We define 
2i- 1 
1 
k”+’ 
-= WI+1 2N 0’ pN , i=l,..., N, and pLN nfl := $- +k- k;+l). 
Using number-theoretical results, we can show the next theorem. 
Theorem 1 (Motta et al. [4]). Let f be the solution of (4), f(0, k) = f,( k) > 0; /if0 dk = 1 and 
/iP(k, k’) dk = C(k’) = const. Then &, defined above converges weakly to p, as N --+ 00, 
n At+t, 
p,(dk) =f(t, k) dk and Nht-, 00. 
Corollary 2. The theorem remains true, if the range of integration in (4) is extended to the whole 
axis, provided for the solution holds additionally 
f(t, v)=o(v-2), Iv\ * 00. 
Proof. We consider the transformation 
1 
k:= 2(1+u,v,) +2. 
Then 
2k-1 dv 2 
‘= l- ]2k-11’ dk= (p_ j2k_1,)2’ kE(o’l)’ 
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and it is easy to see that the function 
go, k) :=f( t, 1 zg! 11) * (1 _ ,2; _1 ,)2 
fulfils the requirements of the theorem. 0 
4. Numerical results 
Here we consider the master equation in kinetic theory, which has the same structure as (4): 
lltf=lm exp(-(u-u’)2)(f(t, u’)-f(t, u)) dv’, (5) 
-CO 
f(0, 0) = & exp(-v2). 
The advantage is that the exact solution can be computed too. This example is also solved by 
Nanbu [5] in a Monte Carlo simulation technique. He uses 10000 particles and performs 10 runs 
for an averaging. We get the same accuracy using 2047 points, but for less points we observe 
strange oscillations in the results. 
They vanish, if we modify our scheme as follows: 
“+I 
$fL -00, + = 
J 
‘I jYN+l, i=l,..., N-l, $+r=cc, 
-03 
and define 
n+l 
N 
,;+I = 
/ 
” upN+r(dU), i=l,..., N, 
II::; 
&+l:=& ~S(~-fi~“). 
i=l 
Then the convergence theorem is still true. 
To understand this, we perform another approach. We can write the equation 
form: 
a,g- &,G=O, G(t, u):=J’; lrn exp((B-u’)2)(g(t, u’)-g(t, 
--oo --oo 
and consider the path 
G fl= --* 
g 
Introducing the mapping 
y + u(t, y): y = /_“z ‘)g(t, u’) du’, 
(5) in divergence 
u”)) du’ du”, 
(6) 
we find 
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and we can perform a difference approximation of l/g” by 
:N( r$+r - ui”-r), 
where a finite definition of ~0” and u$+r is required. Then we use a simple Euler scheme for the 
approximation of (6) for the initial values given by the initial-point approximation. This method 
was tested by Russo [9]. He obtains good results with 40 points. 
A hint, why the three ways of the computation of pL”N+l do not give the same result, is maybe 
the following. The first method can be described roughly as follows: 
N,“+’ := At 
/ 
P( k, k’&+‘(dk’) 
is the number of points to approximate the gain term. For simplicity we assume N,“+’ E N. Now, 
from the points defining p”,” we keep N - N/j+’ points unchanged and only N,“+’ points get 
new coordinates according to the gain term. In both other methods all particles can change the 
coordinates from time step to time step. This shows that we have to investigate the approxima- 
tion of mixed measures (partially absolutely continuous, partially discrete) by discrete ones. The 
number-theoretical approach is strong enough for theoretical results but for real algorithms 
certain additional techniques are necessary. 
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